The phenomenon of spontaneous symmetry breaking admits a physical interpretation in terms of the Bose-condensation process of elementary spinless quanta. In a cutoff theory, this leads to a picture of the vacuum as a condensed medium whose excitations might deviate from exact Lorentz covariance in both the ultraviolet and infrared regions. For this reason, the conventional singlet Higgs boson, the shifted field of spontaneous symmetry breaking, rather than being a purely massive field, might possess a gapless branch describing the long-wavelength fluctuations of the scalar condensate. To test this idea, that might have substantial phenomenological implications, I compare with a detailed lattice simulation of the broken phase in the 4D Ising limit of the theory. The results are the following: i) differently from the symmetric phase, the single-particle energy spectrum is not reproduced by the standard massive form ii) for the value of the hopping parameter κ = 0.076, increasing the lattice size from 20 4 to 32 4 , the mass gap is found to decrease from the value 0.392(1) reported by Balog et al. (see Nucl. Phys. B714 (2005) 256) to the value 0.366(5). Both results confirm that, in the infrared region, the standard singlet Higgs cannot be considered as a simple massive field. Several arguments indicate that, approaching the continuum limit of the lattice theory, the observed volume dependence of the mass gap might require larger and larger lattice sizes before to show up.
Introduction
The idea of a 'condensed vacuum' is generally accepted in modern elementary particle physics. Indeed, in many different contexts, one introduces a set of elementary quanta whose perturbative empty vacuum state |o is not the true ground state of the theory. In the physically relevant case of the Standard Model, where the condensation process corresponds to spontaneous symmetry breaking (SSB) through the λΦ 4 sector, the situation can be summarized saying [1] that "What we experience as empty space is nothing but the configuration of the Higgs field that has the lowest possible energy. If we move from field jargon to particle jargon, this means that empty space is actually filled with Higgs particles. They have Bose condensed". The translation from field jargon to particle jargon can be obtained, for instance, along the lines of Ref. [2] where the substantial equivalence between the one-loop effective potential of quantum field theory and the energy density of a dilute particle gas was established.
With these premises, it was argued in Ref. [3] that such a physical representation of the vacuum might run into a contradiction with the conventional picture where the standard singlet Higgs boson, the shifted field of SSB, is represented as a purely massive field. In fact, in the hydrodynamical regime of disturbances whose wavelengths are much larger than the mean free path of the elementary constituents, quite independently of the Goldstone phenomenon and even for a spontaneously broken one-component λΦ 4 theory, one would expect that the lowest excitations of the system correspond to small displacements of the condensed quanta that already preexist in the ground state. In this case, for momenta p → 0, the energy spectrum should end with an acoustic "phonon" branch ∼ c s |p| as it happens in superfluids and in all known condensed media. The existence of such a regime is, in fact, a very general result [4] that does not depend on the details of the short-range interaction and even on the nature of the elementary constituents. For instance, the same coarse-grained description is found in superfluid fermionic vacua [5] that, as compared to the Higgs vacuum, bear the same relation as superfluid 3 He has to superfluid 4 He. In this sense, as discussed in Ref. [6] , the idea of a massive excitation spectrum of the form p 2 + M 2 h down to p = 0 can be considered equivalent to the incompressibility limit where there is no phonon branch and c s = +∞. This can be a valid representation of the vacuum for the continuum theory where, as in axiomatic quantum field theory, one can derive the exact Lorentz covariance of the energy spectrum. However, in the condensed phase of a cutoff theory one is faced with "reentrant violations of special relativity in the low-energy corner" [7] that only disappear in the continuum limit where the ultraviolet cutoff Λ → ∞.
In a condensate of spinless particles, these violations would be simple density fluctuations extending over a small region |p| < δ. Lorentz covariance can become exact if the shell δ vanishes, in units of the scale M h associated with the massive part of the spectrum, in the limit Λ → ∞. Introducing dimensionless units, ǫ ≡ δ M h and t ≡ Λ M h , the "reentrant" nature of the Lorentz violating infrared effects implies the equivalence of the ǫ → 0 and t → ∞ limits as, for instance, embodied in the single relation [6] 
In the cutoff theory, the very long-wavelength phonons of the Bose condensate would produce a very weak 1/r potential [8] . Thus one can consider [6] possible viable phenomenological frameworks to constrain the relative magnitude of Λ and δ, while keeping M h at the Fermi scale. For instance, for M h = 250 GeV and Λ ∼ 10 19 GeV one gets δ ∼ 10 −5 eV and a ratio ǫ = δ/M h ∼ 4 · 10 −17 that might well represent the physical realization of a formally infinitesimal quantity. If this were the right order of magnitude, the non-Lorentz covariant density fluctuations of the vacuum would start to show up from wavelengths larger than a few millimeters up to infinity. These lengths are actually infinitely larger than the Fermi scale but, nevertheless, have a physical meaning. Now, one might ask if there is any "first-principle" support for the intuitive physical scenario sketched above. To this end, two arguments were given in Ref. [3] to motivate a possible failure of the standard perturbative picture in the far infrared region of the broken-symmetry phase. The first argument starts from the separation of the full scalar field into a constant background φ and a shifted fluctuation field h(x)
Here, in order the separation to be unambiguous, φ denotes the average field in a large four-volume Ω, i.e.
and the limit Ω → ∞ has to be taken at the end. In this way, the full functional measure can be expressed as
where the functional integration on the right-hand side is over all quantum modes with four-momentum p µ = 0. In the standard approach, one describes the shifted field h(x) as a purely massive field whose mass is related to the quadratic shape of a non-convex semiclassical effective potential V NC (φ) at one of its absolute minima. This identification is based on introducing, for any given φ, the zero-momentum two-point function Γ 2 (p = 0), i.e. the inverse zeromomentum connected propagator D −1 (p = 0), through the relation
and defining M 2 h from the value of D −1 (p = 0) at φ = ±v, the absolute minima of V NC (φ). In this series of steps one treats φ, the zero-momentum mode of the full scalar field Φ(x), as a purely classical object without taking into account that, on the base of Eq.(4), there should be one more functional integration over dφ. In an alternative approach, one can start from the generating functional in the presence of a constant source J
where V NC (φ) is the non-convex effective potential obtained, order by order in the loop expansion, after integrating out all modes with p µ = 0. Further, introducing the generating functional for connected Green's functions w(J) through
the vacuum field and the zero-momentum propagator are defined from the relations
and
in the double limit J → 0 and Ω → ∞. Now, it is easy to show that in order to have SSB, i.e.
the four-volume Ω has to diverge in such a way that the dimensionless quantity x = ΩJv tends to a non-zero limit. However, even assuming that x tends to ±∞, so that the vacuum field ϕ(J) tend to ±v, still the zero-momentum inverse propagator
is the second derivative of the exact effective potential that, as defined from the Legendre transform of the generating functional, is not an infinitely differentiable function in the infinite-volume limit [9] . For this reason, in the broken-symmetry phase, there are two solutions
as if there were two different particles in the theory and not just one. In this sense, the situation of the broken phase is reminiscent of what happens in superfluid 4 He. Also there the spectrum is considered to arise from the combined effect of two different types of excitations, phonons and rotons, whose separate energy spectra match giving rise to a complicated pattern. Just following this analogy, one can try to use quantum hydrodynamics [10] to obtain a physical interpretation of the parameter M h associated with the massive part of the spectrum in terms of the energy-gap for vortex formation in a superfluid medium possessing the same constituents and the same density as the scalar condensate. In this picture, where phonons would be physically cut off above those infinitesimal momenta that correspond to the inverse-millimeter range, the branch of the spectrum ∼ p 2 + M 2 h covers in practice the full range that is relevant for particle physics.
The above derivation of two solutions for the zero-momentum propagator is nonperturbative and independent of any diagrammatic expansion. In Ref. [3] , however, it was suggested that the same conclusion is also obtained taking into account the effect of the one-particle reducible, zero-momentum tadpole graphs. These enter the diagrammatic expansion for the propagator in the presence of a constant background field and can be considered a manifestation of the quantum nature of the scalar condensate. These effects are usually neglected in the standard procedure where, at the minima of V NC (φ), one defines the connected propagator from a Dyson sum of 1PI graphs alone. The reason is that the one-particle reducible tadpole graphs are proportional to the one-point function
that vanishes at φ = ±v. However, these zero-momentum graphs are attached to the other parts of the diagrams through zero-momentum propagators. Therefore, ignoring their contribution at φ = ±v (or including their effect in a pure perturbative way with a form of the zero-momentum propagator G(p = 0) =
is equivalent to assume the regularity of G(p = 0) when J → 0. Instead, if one relaxes this assumption and looks for the general form of G −1 (p = 0), one finds again two solutions as in Eq.(11). Addressing to Ref. [3] for more details, the tacit assumption at the base of the standard approach is better illustrated with a very simple example. Consider the quadratic equation
for g 2 ≪ 1. The analogy with the problem of the one-particle reducible zero-momentum tadpole graphs is established when comparing f (x) with G(p = 0), at a given value of φ, and the limit x → 0 with the limit J(φ) → 0. Standard perturbation theory is based on the iterative structure f reg = 1/(1 + x 2 ) + O(g 2 ) that provides a class of solutions that are regular for x → 0 where f reg (0) = 1. For this class of solutions, that corresponds to the massive propagator as defined from the one-particle irreducible graphs only, the third term in the r.h.s. of Eq.(13) vanishes identically for x → 0. On the other hand, Eq. (13) has also a singular solution f sing ∼ 1/g 2 x 2 for x → 0 and this corresponds to a divergent zero-momentum propagator when φ → ±v. This can only be discovered by retaining the full non-linearity of the problem where the zero-momentum propagators joining to the vacuum sources are not approximated perturbatively.
I realize that the various arguments given above cannot be considered a "proof" that there is a gapless branch in the excitation spectrum of the broken phase. They represent, however, convergent indications that the standard perturbative derivation of a massive spectrum, which is based on the quadratic part of the shifted classical lagrangian after simply replacing φ = ±v in Eq.(2), may be too naive. A deeper understanding of the ground state might be needed to obtain a proper description of the far infrared region of the condensed phase. For instance, exploiting the superfluid analogy, the methods of quantum hydrodynamics (see e.g. Ref. [11] ) might represent a natural alternative.
After this general introduction, I will provide in the rest of the paper two more arguments that also indicate an unconventional infrared behaviour. The first new argument, presented in Sect.2, is based on the results of Ref. [12] . It uses the numerical solution of the coupled RG equations for the effective potential and field strength at various values of the infrared cutoff k. Expressing the full scalar field as in Eq.(2), the numerical results indicate that, in the broken phase, the fluctuation field h(x) cannot be represented in terms of purely massive states in the k → 0 limit.
The second new argument is based on a numerical simulation of the broken phase in the Ising limit. If the shifted fluctuation field were a purely massive field, the singleparticle energy spectrum should be reproduced by (the lattice version of) the standard massive form p 2 + const. in the p → 0 limit. At the same time, there should be no observable change in the mass-gap increasing the linear lattice size above a typical length scale associated with 7-8 correlation lengths. As discussed in Sect.3 (details in the Tables at the end of the paper), both expectations are not consistent with the lattice data.
Finally, Sect.4 will contain a summary and the conclusions.
The RG equations for V (φ) and Z(φ).
The aim of Ref. [12] was to study the effective potential V (φ) and the field strength Z(φ), as functions of the background field φ, at various values of the infrared cutoff. This is a widely accepted technique where one starts from a bare action defined at some ultraviolet cutoff Λ and effectively integrates out shells of quantum modes down to an infrared cutoff k. This procedure generates a k−dependent effective action Γ k [Φ] that evolves into the full effective action Γ[Φ] in the k → 0 limit [13] [14] [15] [16] [17] . The k−dependence of Γ k [Φ] is determined by a differential functional flow equation that is known in the literature in slightly different forms. In particular, with the flows discussed in detail in Ref. [18] one starts form first principles and obtains a class of functionals that interpolates between the classical bare Euclidean action and the full effective action of the theory. However, some features, such as the basic convexity property of the effective action for k → 0 [19] [20] [21] [22] , are independent of the particular scheme. In this approach, the relevant quantities are the k−dependent effective potential V k (φ) and field strength Z k (φ), which naturally appear in a derivative expansion of Γ k [Φ] around a space-time constant configuration Φ(x) = φ. They are governed by two coupled equations derived and discussed in Refs. [22] [23] [24] [25] .
Introducing dimensionless variables :
where D indicates the number of space-time dimensions) and defining the first derivative of the effective potential f (x, t) = ∂ x V (t, x), these coupled equations can be expressed in the form [12] 
It is easy to show that these two coupled equations can be transformed into the structure (i, j=1-3)
where the components of the vector U i (x, t) are the unknown functions of the problem and where P ij , Q i and R i can depend on x, t, U i ,
. In this way, the numerical solution was obtained with the help of the NAG routines.
The analysis of Ref. [12] was focused on the quantum-field theoretical case D = 4 assuming standard boundary conditions at the cutoff scale: i) a renormalizable form for the bare, broken-phase potential
and ii) a unit normalization condition for the derivative term in the bare action
It was also assumed a weak-coupling limit λ = 0.1, fixing M = 1 and Λ = 10. In this way, there is a well defined hierarchy of scales where the infrared region corresponds to the limit k ≪ M ≪ Λ.
The numerical results can be summarized as follows. For not too small values of the infrared cutoff k, the effective potential V k (φ) remains a smooth, non-convex function of φ as in the loop expansion. In this region of k one also finds a field strength Z k (φ) ∼ 1 for all values of φ.
However, a tiny scale δ ∼ 0.15 exists such that for k < δ the effective potential V k (φ) starts to flatten in an inner region of |φ| while still matching with an outer, asymptotic shape of the type expected in perturbation theory. The flattening in the inner |φ|-region, while reproducing the expected convexity property of the effective potential, does not correspond to a smooth behaviour.
For such small values of k there are large departures of Z k (φ) from unity in the inner |φ|−region with a strong peaking at the end point |φ| = |φ(k)| of the flattening region. On the base of the general convexification property, the k → 0 limit of such end point, φ(0), coincides with one of the minima ±v of a suitable semiclassical, non-convex effective potential and is usually taken as the physical realization of the broken phase.
To interpret these results, let us start from the usual point of view where SSB is described in terms of a classical potential with perturbative quantum corrections. These corrections, with the choice of the bare parameters of Ref. [12] , are typically small for all quantities. In particular Z, in perturbation theory, is a non-leading quantity since its one-loop correction is ultraviolet finite. Therefore, perturbation theory predicts tiny deviations of Z from unity, ∼ 10 −2 . This is also in agreement with the assumed exact "triviality" of the theory [26] that requires Z → 1 in the continuum limit.
This prediction fits well with the profile of Z k (φ) for not too small values of the infrared cutoff. However, for k < δ, there are large deviations from unity with the mentioned strong peaking phenomenon.
If we express the full scalar field Φ(x) as in Eq.(2), the above results indicate that the higher frequency components of the fluctuation field h(x), those with 4-momentum p µ such that δ ≤ |p| ≤ Λ, represent genuine quantum corrections for all values of the background field φ in agreement with their perturbative representation as weakly coupled massive states.
On the other hand, the components with a 4-momentum p µ such that |p| ≤ δ, are nonperturbative for values of the background field in the range 0 ≤ φ ≤φ(|p|). In particular, the very low-frequency modes with |p| → 0 behave non-perturbatively for all values of the background in the full range 0 ≤ |φ| ≤ v and thus cannot be represented as standard massive states. In fact, non-perturbative infrared phenomena cannot occur in a genuine massive theory.
Notice that the unexpected effects show up in connection with the convexification process, precisely as discussed in Ref. [3] and reviewed in the Introduction. In this sense, one can say that the convexification process is induced by the infinitely long-wavelength modes that, so to speak, "live" in the full region 0 ≤ |φ| ≤ v.
Notice also that, by itself, the existence of a non-perturbative infrared sector in a region 0 ≤ |p| ≤ δ might not be in contradiction with the assumed exact "triviality" property of the theory if, in the continuum limit, the infrared scale δ vanishes in units of the physical parameter M h associated with the massive part of the spectrum. This means to establish a hierarchy of scales δ ≪ M h ≪ Λ such that
If this happens, the region 0 ≤ |p| ≤ δ would just shrink to the zero-measure set p µ = 0, for the continuum theory where M h sets the unit mass scale, thus recovering the exact Lorentz covariance of the energy spectrum since the point p µ = 0 forms a Lorentzinvariant subset. In this limit, the RG function Z k (φ) would become a step function which is unity for all finite values of k (and φ) and is only singular for k = 0 in the range 0 ≤ |φ| ≤ v. In this way, one is left with a massive, free-field theory for all non-zero values of the momentum, and the only remnant of the non-trivial infrared sector is the singular re-scaling of φ (the projection of the full scalar field Φ(x) onto p µ = 0).
Lattice simulation of the broken phase in the Ising limit
In this section I will present the results of a numerical simulation of the theory. The main goal of the numerical experiment is to check the standard assumption that for k → 0 the excitation spectrum of the broken phase is the same as in a weakly coupled massive theory. Quite independently of the theoretical arguments given in the Introduction and in Sect.2, the idea of deviations from the simple massive behaviour of perturbation theory is supported by the lattice results of Ref. [27] . There, differently from what happens in the symmetric phase, the connected scalar propagator was found to deviate significantly from (the lattice version of) the massive single-particle form 1/(p 2 + const) for p µ → 0. In particular, looking at Figs. 7, 8 and 9 of Ref. [28] , one can clearly see that, approaching the continuum limit of the lattice theory, these deviations become more and more pronounced but also confined to a smaller and smaller region of momenta near p µ = 0.
As in Ref. [27] , the test has been performed in the Ising limit that traditionally has been chosen as a convenient laboratory for the numerical analysis of the theory. In this limit, a one-component Φ 
where φ(x) takes only the values ±1. The broken-symmetry phase corresponds to values of the hopping parameter κ > κ c with κ c ∼ 0.07484 [29] . Observables include the bare magnetization:
(where φ is the average field for each lattice configuration) and the bare zero-momentum susceptibility:
The equivalence of these two definitions with other standard lattice definitions that are found in the literature has been discussed in Ref. [30] . Let us now consider the mass gap of the theory, say m TS (k = 0), that is traditionally extracted at zero 3-momentum from the exponential decay (TS='Time Slice') of the connected two-point correlator. This is a well known strategy (see for instance Ref. [31] ) that, however, for the sake of clarity it might be useful to review in some detail.
The Fourier transform of the connected two-point correlator can be expressed as
where
Here, 0 ≤ t ≤ L t is the Euclidean time; x is the spatial part of the site 4-vector x µ ; k is the lattice 3-momentum k = (2π/L)(n x , n y , n z ), with (n x , n y , n z ) non-negative integers; and ... conn denotes the connected expectation value with respect to the lattice action, Eq. (19) .
To obtain the time-slice mass, one starts from the general expression (see Ref.
[31])
where the sum is over the eigenstates of the lattice Hamiltonian corresponding to the given value of k. In perturbation theory, these are represented in the Fock space as massive α−particle states coupled to total momentum k and one predicts E 1 (k) ≤ E 2 (k) ≤ .... Therefore, using the lattice dispersion relation
one can extract the mass from the single-particle energy E 1 (k). Now, in an interacting theory, a model-independent approach to the energy spectrum would require to extract the leading term E 1 (k) from the exponential decay at asymptotic t. However, in a real numerical simulation the vanishing of the correlator can hardly be studied for asymptotic times with enough statistics. Thus, in order to extract the leading single-particle energy, one is forced to introduce some model-dependent assumptions, such as the shape of E 1 (k), its relation with the higher excitations E 2 (k), E 3 (k), .. and so on.
On the other hand, in a weakly coupled theory (as in a "trivial" theory close to the continuum limit), there is a simple strategy to extract the single particle energy that has the advantage of being free of uncontrolled theoretical assumptions. It can be applied once the ratio
is expected to be very close to unity. In this regime, by further noticing that the residual corrections to a single-particle correlator are of order
with ∆ n (k) = E n (k) − E 1 (k) > 0 and n=2,3,. . . , and thus are suppressed by additional phase-space factors, one can start parameterizing the full correlator (with periodic boundary conditions) in terms of an effective single-particle spectrum
Whenever higher excited states were really needed to describe the lattice data, one should detect appreciable differences, both in the value of the normalized chi-square and in the fitted value of E(k), by simply varying the range of t where the fit is performed. This means to look for the stability of the results finding a characteristic 'plateau' E (p) (k) (p='plateau') for the fitted energy where the different indications converge and that can be used to safely extract the time-slice mass. After these preliminaries, let us now consider the numerical results. The simulations were performed with a numerical code written by Paolo Cea and Leonardo Cosmai. It employs the Swendsen-Wang cluster algorithm [32] , using the cluster improved estimator [33] to compute the time slice correlations. The statistical analysis is performed using the jackknife method [34] .
To illustrate with an example the determination of the energy plateau, let us first look at the symmetric phase for κ = 0.074. The raw data for the connected correlator are reported in Tables 1, 2 and 3 for three values of the lattice 3-momentum k 2 = 0, k 2 = 0.375 and k 2 = 0.922 and two lattice sizes. I also show the quality of the fits and the resulting time-slice mass in various ranges of t. As one can see, after simply skipping the first one or two time slices, one gets very good stability with mass values that are independent of the spatial momentum and in excellent agreement with each other. This confirms to a very high precision that, in the symmetric phase, the single-particle energy spectrum of the theory is well reproduced by a standard massive spectrum.
Let us now consider the broken phase. This was simulated choosing the value of the hopping parameter κ = 0.076. At this value of κ, in fact, published data by Balog et al. The simulations were first performed on 20 4 lattices at different values of k 2 . In Table  4 , I report the results of a simulation of 6 Msweeps for k = 0. As one can check, the magnetization and the susceptibility are in excellent agreement with those reported by Balog et al. for the same lattice size (see the corresponding entries for κ = 0.076 in Table  3 of Ref. [30] ).
Concerning the time-slice mass, the value m TS (0) =0.3920 (24) is also in excellent agreement with the result of Ref. [30] . In particular, using all data in the t-range 1-19 the fit with Eq. (29) goes through all central values with a total chi-square which is less than 0.1. This shows that, for k = 0, the deviations of the correlator data from a pure single exponential are confined to the first time slice.
The results for k = 0 are reported in Tables 5-9 . The number of sweeps is such to provide statistical errors of the time-slice mass that are approximately equal to those reported in Table 4 for k = 0. As one can see, differently from the symmetric phase, there is a distinct dependence of m TS (k) on the spatial momentum (that was already observed in Ref. [27] ).
Let us first compare with the data in Tables 5 and 6 . These refer to the lowest two momenta of a 20 4 lattice. Again, as for k = 0, the deviations from a pure single exponential are limited to the first time slice since the fit in the full t-range 1-19 with Eq. Table 4 . Therefore, the lattice data of the broken phase are not well reproduced by the standard massive form in the k → 0 limit.
Let us now consider the data at the higher spatial momenta reported in Tables 7-9 . From the substantial equivalence of the fits in the ranges 2-18 and 3-17, one can deduce that, in this momentum range, the deviations from a pure single exponential affect now the first two time slices. However, notice the difference with the symmetric phase. From Table 3 , using the fit results in the t-range 2-18, one obtains m TS (k) =0.2133 (33) in very good agreement with the mass values reported in Table 1. From Tables 7-9 , on the other hand, one obtains the corresponding entries m TS (k) = 0.4122(15), 0.4127 (18) , 0.4129 (20) that are not consistent within 7-8 σ with the mass value 0.3920(24) of Table 4 . Using the fit results in the t-range 3-17, statistical errors become larger but the discrepancy remains at the level of 3-5 σ.
On the basis of the previous results for k = 0, it should be clear that interpreting the value m TS (0) = 0.392(1) as a real mass gap is not so obvious. Actually, if one looks for stability with respect to changes of the spatial momentum, it is only at higher momenta that one gets consistency with the standard concept of "mass" as a k-independent quantity. In fact, looking at Tables 7-9, if one requires both a good-quality fit and a substantial independence of the chi-square per degree of freedom on the sample of data (as it happens for the fits 2-18 and 3-17) one obtains a remarkable momentum independence for a mass value ∼ 0.412(3). This confirms the basic idea of the Introduction, namely that the shifted fluctuation field is not purely massive and that the end point of the spectrum at k = 0 cannot be used to extract the "mass".
The idea that m TS (0) might not be a real, physical mass gap is also confirmed by its volume dependence. To this end, I report, in Tables 10-13 the raw correlator data from 32   4 lattices. The total statistics is 6 Msweeps as for the simulation at k = 0 on the 20 4 lattice reported in Table 4 . To shorten the total time of the numerical experiment, however, the full statistics, for the 32 4 case, was collected using different computers. In the 32 4 case, I only report data for which the S/N ratio is larger than unity.
Notice that the magnetization and the susceptibility are completely consistent with those measured on the 20 4 lattice. On the other hand, looking at the results of the global fit to the correlator data, one finds a serious discrepancy in the value of the mass gap. In fact both from Table 4 and Table 14 4 lattice. As an additional check, a fit with 2 exponentials was also performed along the lines indicated in Ref. [35] . In this case, Eq. (29) is replaced by a constrained 2-mass formula with E 2 (0) = 2E 1 (0). The results of this other type of fit are shown in Tables 15 and  16 . The entries that are unchanged correspond to fits where the normalization of the 2-particle term is set to zero by the fit routine. For other entries, the statistical errors become much larger. However, the discrepancy between the mass value from the 20 4 lattice and that obtained from the 32 4 lattice remains. Notice that, differently from m TS (0) the susceptibility χ latt remains almost unchanged when increasing the lattice size. Since the susceptibility is nothing but the zero-fourmomentum connected propagator, one can express the numerical stability of the result in the form χ latt = G a (p = 0) thus relating χ latt to the a-type, massive solution for the zero-momentum propagator in Eq. (11) . On the other hand, the lattice results suggest also that, if there were a gapless branch of the shifted field, the lattice definition of the b-type of solution might be identified through the relation m 2 TS (0) = G −1 b (p = 0). To prove this conjecture, one should check that increasing the lattice size one gets smaller and smaller values of the mass gap. To get a clean indication, for the same value κ = 0.076, this will require the non-trivial task to compute the connected two-point correlator, with the same Swendsen-Wang cluster algorithm and a statistics of ∼ 6 Msweeps, on a substantially larger lattice, say on a 48
4 . Before ending this section, I observe that from the results of Sect.2 the non-perturbative infrared sector of the broken phase emerges as a threshold phenomenon starting at a momentum scale δ ≪ M h . As anticipated, a massive free-field limit for the continuum theory implies a hierarchical structure of scales where the ratio ǫ =
Therefore, the discrepancy in the values of the mass gap, that is already observed at κ = 0.076 by simply increasing L from 20 to 32, would show up on larger and larger lattice sizes L > 1/δ for κ approaching the critical value κ c ∼ 0.07484 [29] .
For instance assuming a hierarchical relation of the type in Eq. (1), the minimum lattice size would be L > Λ/M Table 4 of Ref. [30] ) might be consistent with the results presented here. In this case, in fact, to detect the same discrepancy found for M h a ∼ 0.4 a minimum value L a ∼ 112 might be needed.
Summary and conclusions
In this paper, following the original idea of Ref. [3] , I have presented additional evidences that the conventional perturbative picture of SSB might miss an important infrared phenomenon: the standard singlet Higgs boson might not be a purely massive field. In fact, as reviewed in the Introduction, there are arguments to expect a non-perturbative infrared sector corresponding to the long-wavelength excitations of the scalar condensate.
On a more formal ground, as a consequence of the convexification process of the effective potential, the inverse zero-momentum connected propagator should be considered a two-valued function that, besides the standard massive solution G b (p = 0) = 0 as in a gapless theory. As shown in Ref. [12] and illustrated in Sect.2, the convexification process is a threshold phenomenon that starts when the infrared cutoff k is below a tiny scale δ. In this regime, where the effective potential V k (φ) deviates from the smooth semiclassical form of perturbation theory, the field strength Z k (φ) starts to exhibit large deviations from unity with a strong peaking phenomenon that extends to the boundary of the flatness region in the limit k → 0. Such a behaviour could hardly be explained if the infrared region were that of a simple massive theory.
In Sect. 3 (and in the Tables at the end of the paper) I have produced detailed numerical results from a lattice simulation of the broken phase in the 4D Ising limit of the theory. They point to the following conclusions: i) differently from the symmetric phase, the single-particle energy spectrum is not well reproduced by (the lattice version of) the standard massive form p 2 + const. in the limit p → 0 and a |p|-independent mass parameter is only found at higher momenta ii) for the value κ = 0.076, the mass gap reported by Balog et al. [30] on a 20 4 lattice is m TS (0) = 0.392 (1) . On the other hand increasing the lattice size up to 32
4 the data provide m TS (0) = 0.366(5), contrary to the expectation that there should be no significant change. At the same time, since the susceptibility is practically unchanged, this might represent one more evidence for the existence of two solutions for the zero-momentum propagator and for the subtle nature of the zero-momentum limit in the broken-symmetry phase.
For this reason, the observed volume dependence of m TS (0), with its possible interpretation in terms of ('non-Goldstone') collective excitations of the scalar condensate, poses interesting questions and would deserve to be checked by other groups with new systematic investigations of the L → ∞ limit of the lattice theory. To this end, one should also take into account that the deviations from a simple massive spectrum p 2 + M 2 h might be confined to a region of momenta |p| < δ where δ vanishes in units of M h in the infinite-cutoff limit. This means that, approaching the continuum limit of the lattice theory, the volume dependence of the mass gap might require larger and larger lattice sizes before to show up. Table 1 : The raw correlator data obtained for a spatial momentum k = 0, on a 32 4 lattice, for the value κ = 0.074 in the symmetric phase. The statistics is 135Ksweeps. I also show the quality of the fits, the effective single-particle energy and the time-slice mass obtained by using Eqs. (29) and (26) in various ranges of t. The raw correlator data obtained for a spatial momentum k 2 = 0.375 (corresponding to the integer assignment (n x , n y , n z ) = (0,3,1) on a 32 4 lattice), for the value κ = 0.074 in the symmetric phase. The statistics is 135Ksweeps. I also show the quality of the fits, the effective single-particle energy and the time-slice mass obtained by using Eqs. (29) and (26) in various ranges of t. The raw correlator data obtained for a spatial momentum k 2 = 0.922 (corresponding to the integer assignment (n x , n y , n z ) = (3,1,0) on a 20 4 lattice), for the value κ = 0.074 in the symmetric phase. The statistics is 215 Ksweeps. I also show the quality of the fits, the effective single-particle energy and the time-slice mass obtained by using Eqs. (29) and (26) in various ranges of t. The raw correlator data, at k = 0 and for κ = 0.076 in the broken phase. The statistics is 6 Msweeps on a 20 4 lattice. I also show the quality of the fits with Eq.(29), the effective single particle energy and the time-slice mass obtained in various ranges of t. The vacuum expectation value was |φ| = 0.30157(3) and the susceptibility χ latt = 37.87 (9) . The raw correlator data for κ = 0.076 in the broken phase, on a 20 4 lattice, for the integer assignment (1,0,0). The statistics is 230 Ksweeps. I also show the quality of the fits, the effective single-particle energy and the time-slice mass obtained in various ranges of t. The raw correlator data for κ = 0.076 in the broken phase, on a 20 4 lattice, for the integer assignment (1,1,0) . The statistics is 230 Ksweeps. I also show the quality of the fits, the effective single-particle energy and the time-slice mass obtained in various ranges of t. The raw correlator data for κ = 0.076 in the broken phase, on a 20 4 lattice, for the integer assignment (3,0,0). The statistics is 10 Msweeps. I also show the quality of the fits, the effective single-particle energy and the time-slice mass obtained in various ranges of t. The raw correlator data for κ = 0.076 in the broken phase, on a 20 4 lattice, for the integer assignment (3,1,0). The statistics is 10 Msweeps. I also show the quality of the fits, the effective single-particle energy and the time-slice mass obtained in various ranges of t. The raw correlator data for κ = 0.076 in the broken phase, on a 20 4 lattice, for the integer assignment (3,1,1) . The statistics is 10 Msweeps. I also show the quality of the fits, the effective single-particle energy and the time-slice mass obtained in various ranges of t. Table 10 : The raw correlator data at k = 0 obtained from a simulation on a 32 4 lattice, for κ = 0.076 in the broken phase. The statistics is 3500 Ksweeps. Only data with S/N > 1 are reported. The vacuum expectation value was |φ| = 0.30158(2) and the susceptibility χ latt = 37.70(11). Table 11 : The raw correlator data at k = 0 obtained from a simulation on a 32 4 lattice, for κ = 0.076 in the broken phase. The statistics is 1250Ksweeps. Only data with S/N > 1 are reported. The vacuum expectation value was |φ| = 0.30156(4) and the susceptibility χ latt = 37.72 (18) . lattice. The fit is performed using a constrained 2-mass formula with E 2 (0) = 2E 1 (0) as suggested in Ref. [35] . I report the quality of the fits, E 1 (0) and the time-slice mass obtained in various ranges of t. These results should be compared with those in Table 4 obtained fitting the correlator data to Eq. (29) . Tables 10-13 from the 32 4 lattice. The fit is performed using a constrained 2-mass formula with E 2 (0) = 2E 1 (0) as suggested in Ref. [35] . I report the quality of the fits, E 1 (0) and the time-slice mass obtained in various ranges of t. These results should be compared with those in Table  14 obtained fitting the same correlator data with Eq.(29) and with those in Table 15 obtained from the 20 4 lattice data using the same 2-mass fitting function.
